Abstract: Approximate symmetries of geodesic equations on 2-spheres are studied. These are the symmetries of the perturbed geodesic equations which represent approximate path of a particle rather than exact path. After giving the exact symmetries of the geodesic equations, two different approaches to study the approximate symmetries of the approximate geodesic equations show that no non-trivial approximate symmetry for these spaces exists.
Introduction
For nonlinear problems, analytic solutions are rare and hard to obtain. Lie group theory provide a systematic and unified approach in search of analytical solutions [1, 2, 3] . Instead of solving the nonlinear equations directly, a system of over determined linear equations is studied using the theory. Once the so-called symmetries of the equations are calculated, similarity solutions can be produced. By defining canonical coordinates, it is also possible to transform the equations into a much simpler form. Another approach allows to find approximate symmetries of approximate differential equations. Generally, the perturbed term in a differential equation corresponds to some small error or correction. Therefore the resulting equations are defined approximately depending on a small parameter and such equations occur frequently in applications. The theory of approximate groups provides a regular method of calculating the perturbation directly, without using the complicated group transformations. The calculation is based on approximate symmetry equations. Recently, approximate symmetries have been used to find the approximate solutions of some partial differential equations [4, 5] as well.
Let us consider an approximate (perturbed) equation in variables t and y, with a small parameter ǫ, i.e. E(t, y, ǫ) ≈ 0.
(1.1)
We write it as E(t, y, ǫ) ≡ E 0 (t, y) + ǫE 1 (t, y) ≈ 0, (1.2) where E 0 and E 1 are respectively the exact and approximate parts of the approximate differential equation (1.1). For (1.2) the infinitesimal generator can be written as [1, 2] 
where X 0 = ξ 0 ∂ ∂t + η 0 ∂ ∂y ,
Here ξ 0 , ξ 1 , η 0 and η 1 are all functions of t and y. X 0 is the generator of the exact differential equation E 0 , and X 1 is the generator of the approximate differential equation E 1 . Hence we can write X = (ξ 0 + ǫξ 1 ) ∂ ∂t + (η 0 + ǫη 1 ) ∂ ∂y .
(1.4)
More generally 5) where
A second prolongation [1, 2] is given by 
This is the determining equation and X is called an infinitesimal approximate symmetry or an approximate symmetry or an approximate operator [2] , admitted by (1.2) . If X 0 is a generator of the unperturbed differential equation
obtained by solving the determining equation
then we define the auxiliary function H by
and find an approximate symmetry, (1.3), of the perturbed differential equation (1.2) by solving for X 1 [2] in
Note that (1.11), unlike the determining equation (1.9) for exact symmetries, is non-homogeneous.
The geodesic equations on a manifold can be regarded as a system of second order ordinary differential equations. The curvature of surfaces can be positive, zero or negative. Symmetries of geodesic equations for these three types of manifolds have been studied [6] . Interesting connection between these symmetries and the isometries [7] of these spaces have also been found. In this paper we explore approximate symmetries of geodesic equations of 2-spheres. Perturbations in geodesic equations correspond to approximate path of the particle as opposed to the exact one. It may be noted that we study approximate geodesics on a 2-manifold rather than exact geodesics on a perturbed manifold.
Approximate symmetries of geodesic equations on a 2-sphere
A geodesic is a locally length-minimizing curve and give the shortest distance between two points. Equivalently, it is a path that a particle which is not accelerating would follow. The geodesic equations on a manifold can be regarded as a system of second order ordinary differential equations. In coordinates x a these can be expressed as [8, 9] 
where dot represents derivative with respect to the arc length parameter s and Γ a bc denote the Christoffel symbols, which for a metric g ab , are defined by
Here g ab denotes the inverse of the metric and the range of the indices gives the dimension of the space.
Exact symmetries of the unit sphere have been given in Ref. [6] . We first outline the derivation of these symmetries and then use them for constructing the approximate symmetries. The metric for the sphere can be written as
The geodesic equations (2.1) for this metric are given by
These are second order ordinary differential equations. We apply the second prolongation [6] , 
If we write
Inserting the values ofθ andφ from the geodesic equations (2.4), and then comparing the coefficients of the powers ofθ andφ, we obtain the following system of partial differential equations.
Equations (2.25), (2.26) and (2.29) yield
Substituting the value of ξ into (2.21) and solving with (2.15), we get
From (2.16), (2.18) and (2.22) we obtain
Substituting the values of η 1 and η 2 into (2.19) we get
Now (2.23) and (2.27) give
Therefore, the exact symmetries come out to be
In the next sections we discuss two different approaches for finding approximate symmetries of this 2-manifold.
Approximate symmetries: First approach
Here we will convert the geodesic equations (2.4) of the sphere into perturbed equations by adding a general function and then try to find the approximate symmetries of these equations.
The second prolongations of the five exact symmetries (2.39) of the geodesic equations of the sphere are given below.
(i)
,ss so that the second prolongation becomes
,ss = −2φ, so that the second prolongation becomes
Here ξ = 0,
,ss so that second prolongation becomes
so that the second prolongation becomes
Here ξ = 0, η 1 = sin φ, η 2 = cot θ cos φ, therefore, equations (2.9) -(2.12) give
Now, we approximate the geodesic equations of a sphere by using two arbitrary functions f (θ), g(φ) and a small parameter ǫ as 
Hence H 1 = 0 = H 2 , so we cannot proceed further. Now we take Case (ii). Here the auxiliary functions become Substituting the value of ξ into (2.21) and solving with (2.50), we get
Integrating (2.53) twice with respect to θ, and using (2.21), we get
Comparing the coefficients of the powers of s, we obtain
which implies that f 1 , f 2 and f are linear in θ. Hence we can write
so that (2.53) becomes 
which gives From equations (2.60) and (2.66) it is clear that, for this case, we do not have any new symmetry. Similarly, we see that Cases (iii), (iv) and (v) also do not give any non-trivial symmetry.
Approximate symmetries: Second approach
Now we adopt another approach and take a more general function to make the exact geodesic equations (2.46) perturbed, and investigate the existence of approximate symmetries. Here we approximate the geodesic equations of a sphere as
As these are second order ordinary differential equations, we apply the second prolongation
and the infinitesimal generators, as before, are given by
Equations (2.67) are approximately invariant under the approximate group of transformations with the generator given in (2.68) if and only if
so that we have
Now, let us take the following form of the functions f and g introduced in (2.67) 
Inserting (2.9) -(2.12) into (2.75), we obtain
Inserting the values ofθ andφ from the geodesic equations (2.67), the above equations take the form
Now, we use (2.69) and (2.70) in (2.77), and separate terms with ǫ 0 and ǫ 1 , and ignoring terms with ǫ 2 . For ǫ 0 we get
+2 cot θ(φ{η Comparing the coefficients of the powers ofθ andφ, we obtain a system of partial differential equations, which on solving yields the following solution
79)
80)
We follow the same procedure for ǫ 1 , compare the coefficients of the powers ofθ anḋ φ, and obtain a system of partial differential equations. We denote
so that the system of equations become 
Substituting the value of ξ into (2.89) and solving with (2.83), we get
100)
where g 1 (φ), g 2 (φ), g 3 (φ) and g 4 (φ) are functions of integration. From (2.84) and (2.86), we obtain
where f 3 (θ, φ) is a function of integration. Using the above value of η 2 1 in (2.90), we get 
Now (2.88) implies
110)
111) 
Conclusion
One of the methods to solve differential equations is the symmetry method by which we can solve differential equations, reduce the order of an ordinary differential equation and can reduce the number of independent variables in a partial differential equation if it is invariant under a one-parameter Lie group of point transformations.
The method of 'canonical variables' is one of the basic procedures for the integration of ordinary differential equations with known symmetries. Conservation laws for the Euler-Lagrange equations can be constructed when their symmetries are known and hence Lagrangians can be constructed.
For tackling differential equations with a small parameter, the method of 'approximate symmetries' can be used. Considering the geodesic equations of a sphere as a system of two ordinary differential equations we have investigated their approximate symmetries. Two different approaches have been adopted to find these approximate symmetries. Firstly, by converting the geodesic equations into perturbed equations by adding the general functions f (θ) and g(φ) and taking a symmetry of the geodesic equations of the sphere. In the second approach we use the functions f (θ, φ,θ,φ) = k 1 + k 2 θ + k 3 φ + k 4θ + k 5φ + k 6θ 2 + k 7φ 2 , g(θ, φ,θ,φ) = h 1 + h 2 θ + h 3 φ + h 4θ + h 5φ + h 6θ 2 + h 7φ 2 ,
to convert the geodesic equations into perturbed equations. In both the cases, no non-trivial approximate symmetry has been found.
It would be interesting to see if one can obtain non-trivial approximate symmetries for these manifolds by some other method.
